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1. Introduction 

Let Z be a compact or open bordered surface of M 3 equipped with 
the complex structure induced by the standard euclidean metric of 
IR 3 ; this point of view on Riemann surface, which goes to a result of 
Gauss about isothermal coordinates in 1822, is not restrictive since it 
has been proved by Garsia [7j for the compact case and by Riiedy [18] 
for the bordered case that any abstract Riemann surface is isomorphic 
to such a manifold. Let d be the Cauchy-Riemann operator of Z, 
d c = i (d — d) and d = d + d. If Z has a constant scalar conductivity 
and if there is no time fluctuation and no source nor sink of current, 
it follows from the Maxwell's equations that an electrical potential on 
an open set of Z is a smooth function U which satisfies the equation 
dd c U = ; the form d c U = i [dU — dU~) can be then seen as modeling 
the physical current arising from the potential U (see e.g. [2D])- An 
isolated finite charge induces a current with a simple pole. When the 
current d c U is theoretically allowed to have singularities on a discrete 
set, it is natural to limit them to simple charged poles. The fact that 
charges should somehow compensate and arise from simple poles is 
mathematically natural because according to proposition El singular 
potentials can be seen as harmonic distributions on a complex nodal 
curve. The theorem below gives an electrostatic interpretation for an 
accurate Dirichlet problem when a discrete set of finites charges is 
allowed. 

Theorem (Riemann 1851, Klein 1882). Let Z be a compact or bordered 
connected oriented smooth surfaces in R 3 equipped with the conformal 
structure induced by the standard euclidean metric of M 3 . Let d be 
its Cauchy-Riemann operator, d c = i (d — d) and d = d + d. Assume 
u is an electrical potential on bZ (this assumption is empty when Z 
is compact) and that Z has electrical real charges ±Cj concentrated at 
points a • , 1 < j < v. Then there is a uniqque electrical potential U 
extending (when Z is non compact) u to Z such that dd c U = on 

Z\ 1 ^ j ^ z/} and the residue Res a ± (d c U) d = ^ J dist ^ a ±^ =£ d c U 
(e > small enough) of d c U = i (d — dj U at is ±Cj, 1 ^ j ^ v. 

This problem was firstly considered by Gauss in 1840, Tomson (also 
named Lord Kelvin) and Dirichlet in 1847. Riemann gave in 1851 a 
mathematically incomplete proof. Klein wrote in 1882 an electrostatic 
interpretation which has been considered as a sufficient justification by 
physicists. Effective and correct constructions were given by Fredholm 
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in 1899 and Hilbert in 1901. A good report of this story can be found 
in a book of de Saint-Gervais [5]. 

In 1962, Gelfand [8] formulated and obtained the first non trivial 
result in the inverse problem of reconstructing the complex structure 
of a compact surface in M. 3 from the knowledge of the spectrum of its 
laplacien. This problem has been solved for most surfaces by Buser [I] 
in 1997. A related inverse question has been enunciated by Wentworth 
in 2010 : How to recover the conformal structure of a compact Riemann 
surface from Dirichlet to Neumann data type of some subdomain. The 
theorem [3] below, which is a development of inverse results contained in 
[T5"} section 2] , is an inverse version for the compact case of the Riemann 
and Klein theorem and gives a constructive answer to Wentworth's 
question. 

Before we formulate theorem we set up some definitions and no- 
tations. Let Z be a compact connected oriented smooth surface in R 3 
equipped with the conformal structure induced by the standard eu- 
clidean metric of IR 3 . We denote by Dz the set of couples (a, c) in 
Z 6 x M 3 such that a = (aj, a/) 0<£<2 is a family of six mutually distinct 
points and c = (q) 0<& - 2 e If ( a ; c ) e Dz, U z ^ denotes a function 
which is harmonic on Z\ {aj , a^"} and such that dU z ^ has a simple pole 
at af with residue ±q ; as a matter of fact, U z ' c e is a standard Green 
bipolar function and while it is determined only up to an additive con- 
stant, dU z ,c e is unique. Then, as explained in section 3, if the dU z c e have 
no common zero, we can define a map F z ,c = (dU z ,c : dU z \ : dU z ,c ^j 
from Z\{af; < £ < 2} to CP 2 which in {dU^ ^ 0} has the affine 

representation , g^l'e J ; the quotients here are well defined mero- 

morphic functions because dim Z — 1. We denote by the set of (a, c) 
in Dz such that i^' c is well defined and injective outside some finite 
subset of Z . It is clear that Ez is an open subset of Dz- We can now 
give an inverse result for the compact case of the Riemann and Klein 
theorem. 



Theorem 1. Let Z and Z' be compact connected oriented smooth sur- 
faces in M. 3 equipped with the conformal structures induced by the stan- 
dard euclidean metric of M 3 . Assume that Z D Z' contains a sur- 
face S and let a = ( a i, a t) 0<e<2 be a 6-uple of mutually distinct 
points in S. Assume that for some c G M 3 ; (a, c) G Ez H Ez> and 
( U z'!e Is) = ( U z'°,i W *jt< 2 ' Then z and z ' are isomorphic. More- 
over, Z can be explicitly reconstructed from {dU z ^ |s) 0< ^ <2 - 
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The practical interest of this result would be greatly improved if 
E z would be dense in Z Q x C 3 . If this seems very likely, it has yet 
to be proved. So we slightly modify our point of view in allowing 
small perturbations. Let us be precise. For n G N*, denote by Dz, n 
the set of 4-uples (a,c,p,K) in Z 6 x C 3 x (Z n f x (C 1 ) 3 such that 
(a, c) G D z , p = (j^) oas g 2 and k = (^) 0< ^ 2 where each p £ = (p£,j) lsij ^ n 
is a family of mutually distinct points of Z\ {cZq , a$ , a{, af, a 2 , a^} and 
each K£ = {^t,j) x< j <n £ C n satisfies Kij = 0. If (a,c,p, k) G Ez, n , 

we denote by a function which is harmonic on Z\ {pej] 1 ^ j ^ n} 
and such that dV^I has simple poles at pej with residues kij ; V|' K is 
unique up to an additive constant. 

We denote by Ez, n the set of (a, c, p, k) G Dz, n such that F^ C,P,K = 
(dUgQ + 9Vf 'q : dU^I + dVz'i '■ dU^'l) is well defined and injective out- 
side some finite subset of Z. It is clear that E Ztn is open in Dz, n - 
According to proposition [2J elements of Ez >n can be called generic. 

Proposition 2. Let Z be a compact connected oriented smooth surface 
in R 3 equipped with the conformal structure induced by the standard 
euclidean metric o/R 3 and S a subdomain of Z . Consider (a, c) in D z 
with a G S 6 . Then there is n G N* such that for any neighborhood W of 
in C, there exists (p, k) G (S n ) 3 x (W n ) 3 such that (a, c,p, k) G E Ztn - 

This result as well as proposition [7] will be proved in a separate paper 
because they involve methods and results of complex analysis which 
deserve attention of their own. We can now give a generic version of 
theorem [TJ 

Theorem 3. Let Z and Z' be a compact connected oriented smooth 
surface in R 3 equipped with the conformal structures induced by the 
standard euclidean metric o/R 3 . Assume that ZnZ' contains a surface 
S and let a = ( a 7' a £~)o<£<2 ^ e a 6-uple of mutually distinct points in 
S. Assume that for some (c,p,n) G C 3 x (S n ) 3 x (C n ) 3 , (a,c,p,K) G 
Ez, n nE z , >n and (U^ P,K |s) ^ <2 = (Pzff* W 0< ^ 2 - Then z and 
Z' are isomorphic. Moreover, Z can be explicitly reconstructed from 

Remarks. 1. As a consequence, the genus of Z is fully determined 
by the data S and {U^ P,K \s) 0<e<2 here considered but, meanwhile, a 
formula has yet to be found. 

2. The result apply for compact (generalized) nodal curves if the 
potentials are associated to generic admissible families of Z and Z' (see 
sections 2 and 3 for definitions) 
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Our next theorem is an inverse version for the bordered case of 
the Riemann and Klein result. Without electrical charges, it is con- 
tained in [151 th. 1, th.2]. The precise definition Dirichlet-Neumann 
data and how they are linked to the Neumann operator is given in 
the third section. In short, such a datum consists of a smooth ori- 
ented real curve 7 which is the boundary of an open complex curve 
Z, a 3-uple u = (wo, Mi, W2) of smooth real functions defined on 7, 
a 3-uple 9u = (9uo,9ui,9u2) of smooth (l,0)-forms, each 9ug being 
the boundary value of dui where uf is the harmonic extension of ue 
to Z\ {(a~,a^) ; 1 ^ j ^ z/} such that dug has residue ±Cj at ay, 
1 ^ j ^ v. An important but, as seen later, generic (see proposi- 
tion [7]), requirement for (7, u, 9u) to be a Dirichlet-Neumann datum is 
that the map (du c : du\ : du 2 c ) is well defined and injective outside 
a finite subset of Z and embeds 7 into CP2- For the sake of simplicity 
and because charges are informations to be recovered, we have chosen 
to let them be independent of I. 

Theorem 4. Let Z and Z' be bordered oriented smooth surfaces in 
IR 3 equipped with the conformal structures induced by the standard eu- 
clidean metric ofM. 3 . We fix in Z (resp. Z' ) v (resp. u') pairs of mu- 
tually distinct points (resp. a'p) in Z (resp. Z'). We assign to each 
pair (resp. alp) "electrical" non zero complex charges ±Cj (resp. 
±c'j) satisfying the generic conditions \cf \ 7^ \cf\ (resp. \c'p\ 7^ \c'^\) 
1 < j < k ^ v. 

We assume that (7, u, 9u) is a Dirichlet-Neumann datum for Z where 
each is charged with c^ as well as a Dirichlet-Neumann datum for 
Z' where each a'p is charged with . 

Then v = v' , (cj) 1<3 - <w = { c 'j) 1< j <u an d there is an isomorphism 
ip : Z — > Z' of Riemann surfaces such that if | 7 = Id^ and Lf (af) = 
a'j, 1 ^ j ^ v . Moreover, Z , {af] 1 ^ j ^ ^} and (c-,) 1<J<jy can be 
explicitly reconstructed from (7, 

The proof of the theorem [3] is given in section 3.2. Because the pairs 
{aj , a^} can be seen as the singularities of a nodal curve, theorem H] is 
a consequence of theorems [S] and M which deal with (generalized) nodal 
curves. Its proof is given at the end of section 3 where are stated our 
main theorems about inverse problems. Section 2 is devoted to the 
definition of nodal surfaces, harmonic distributions and to Dirichlet 
problems. A characterization of nodal curve Dirichlet-Neumann data 
is given in section 4. 
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2. Direct problems for compact and nodal curves 

2.1. Nodal curves. In this paper, an open bordered Riemann surface 
is the interior of a one dimensional compact complex manifold with 
boundary whose all connected components have non trivial one real 
dimensional smooth boundary. An open bordered nodal curve A is the 
quotient of an open bordered Riemann surface Z by an equivalence 
relation identifying a finite number of interior points ; Z is said to be 
above A. We define likewise compact nodal curve but for that case we 
require the connectedness of the compact Riemann surface. 

The points of the singular set Sing X of a nodal curve X are called 
nodes. As a consequence, the irreducible components of X at one of 
its node are germs of Riemann surfaces. If a is any point of X, we call 
the branches of X at a any family {Xa,j)i<j< v ra\ °f connected Riemann 
surfaces meeting only at a and whose union is a relatively compact 
neighborhood of a in X. Thus, the nodes of X are the points a of 
X where v (a) ^ 2. When v = 2 at each node of X, a restriction 
not relevant for our theorems, X is a nodal curve as often defined in 
the literature. That's why we omit most of the time to add the word 
generalized for the nodal curves we consider. When X is compact, has 
a trivial group of automorphisms and v = 2, X is called stable (see e.g. 

to. 

In the sequel X*j is a notation for X a j\{a}. The boundary of 
X is denoted by bX; by definition X = X U bX is outside Sing A a 
manifold with boundary ; its regular part Reg X is bX U Reg X where 
Reg AT = X\SingX. Note that when X is an open bordered nodal 

curve and X — ^ X (X — ^ X for short but with a slight abuse of 
notation) is one of its normalization, X is an open bordered Riemann 
surface and 7r _1 (Sing A) is finite. 

Two open bordered nodal curves A and A' are said isomorphic if 
there exists a bijective map <p : A — > X' which is an isomorphism 
of Riemann surfaces from Reg A onto Reg A', a diffeomorphism of 
manifolds with boundary between some open neighborhoods of bX and 
bX' in A and A' and such that for each node a of A, the (germs of) 
branches of A' at ip (a) are the images by (p of the (germs of) branches 
of A at a. In particular, such a map (p has to be an homeomorphism. 

A weaker notion of equivalence between nodal curves appears natu- 
rally in this paper. If the above map ip has the first two properties but 
only send bijectively the set (of germs) of branches of A to the set of 
(of germs) of branches of A', we say that A and A' are roughly iso- 
morphic. Assuming A (resp. A') is the quotient of an open bordered 
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Riemann surface Z (resp. Z') and that Z — > X (resp. Z' — > X') 
is the natural projection, another way to state this is to ask for an 
isomorphism of open bordered Riemann surface from Z onto Z' which 
sends 7T" 1 (SingX) onto it'" 1 (SingX'). 

In order to settle accurate Dirichlet problems, we define in the next 
subsection what is a harmonic distribution on a nodal curve. 

2.2. Harmonic distributions. When a nodal curve X is an analytic 
subset of some open set in an affine space, one may agree to define 
smooth functions as restrictions to X of smooth functions of the am- 
bient space. In the particular simple case where X is the union of the 
lines C (1, 0) and C (0, 1), it appears that a function is smooth on X 
if and only if it is smooth on each branch of X and is continuous at 
the singular point of X. Having in mind that every open bordered 
nodal curve can be embedded in an affine complex space (see [2 2J ) , we 
take this model as a guideline for a general definition. Translating in 
analytic words the algebraic definitions of [I7j . [9] and [19] would have 
given the same result. 

Let X be a (generalized) nodal curve, W an open set of X and 
r G [0, +oo]. A function u on W is said to be of class C r if it is 
continuous and if for any branch B of X contained in W, u\b G C r (B) ; 
the space of such functions is denoted by C r (W) or Cq (W). 

If p, q G {0, 1} and p + q > 0, a (p, g)-form oj of C r (W D RegX) is 
said to be of class C r on W if for any branch B of X contained in W, 
u IfinRegX extends as an element of C r (B). The space of such forms 
is denoted by C r (W). Note that the question of continuity at nodes 
of a form is relevant only when it is a function since the tangent spaces 
of branches of X at a same node may be different. 

If K is a compact subset of X and p,q G {0, 1}, the space C^ q (K) 
of smooth (p, g)-forms supported in K is equipped with the topology 
induced by the semi-norms sup ||£)^o;|b|| where m is any positive 

BnK 

integer, B any branch of X meeting K and the differential D is the 
total differential acting on coefficients. The space D p ^ q (W) of smooth 
(jo, g)-forms compactly supported in W is equipped with the inductive 
limit topology of the spaces C™ q (K) where K is any compact of W . 
The space D' p (W) of currents on W of bidegree (p, q) is the topological 
dual of D v q (W) ; the elements of D' 11 (W) are the distributions on W. 

The exterior differentiation d of smooths forms is well defined along 
branches of X, so it is for d and d. These operators extend to currents 
by duality. 
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A distribution u £ D[ 1 (W) is (weakly) harmonic if, by definition, 
the current iddu vanish, that is (iddu.^p) = for all if £ C%° (W); 
it is equivalent to ask for du to be (weakly) holomorphic in the sense 
of Rosenlicht [T7]. Such distributions are usual harmonic functions 
near regular points. While an harmonic function on RegX may have 
heavy singularities at a node, the following proposition shows that har- 
monic distributions have at most logarithmic singularities which some- 
how compensates together. 

Proposition 5 (Characterization of harmonic distributions). Let X 

be a nodal curve. Assume that u is a harmonic distribution on a neigh- 
borhood of some point a in X. Let (X a| j) Kj . <i( y be the branches of X 
at a. Assume that these branches are small enough for there exists on 
each X a j a holomorphic coordinate Zj centered at a. Then, there exists 

a family ( c a,i)i^< l/ ( a ) of complex numbers such that u — 2c aj - In \zj\ 
extends as a usual harmonic function near a in X a j and c aj - = 

0. In particular, du is a meromorphic (l,0)-form whose singularities 
are simple poles at nodes of X and has residue c a j along X a j when 
a £ SingX. Conversely, u is a harmonic distribution if du and (c aj ) 
are such. 

Remark. The condition that the singularities of du are only simple 
poles with vanishing sums of residues at each node characterizes that 
du is (weakly) holomorphic. This fact match the definition of dualizing 
sheaves given by Grothendieck in [H] and Hartshone in [TTJ which is an 
algebraic point of view for (weakly) holomorphic forms. 

Proof. For each k, we assume that X aj j- is small enough so that 2% is 
bijective from X a ^ onto D = D (0, 1) and we fix some £ (X a ^) 
such that £/c = 1 in a neighborhood of a in X a ^. Consider some j in 
{1, .., v (a)}. The extension operator which to x £ ^1,1 {Xa,j) associates 
the form Ejx defined by (EjX) \x a , k = if k ^ j and (Ejx) \x aJ = 
X is a continuous operator from D\ i (X a j) to D^i (W) where W = 

U X ai . Hence, u* = u o £L is a distribution on X a ,-. Since u 

is a usual harmonic function, Vj = UjOZj -1 is a usual harmonic function 
in D* = D\ {0} which extends to D as a distribution. This is possible 
only if the holomorphic function ^ hasn't an essential singularity at 
0. Indeed, consider e £ ]0, 1[, £ £ Cf (] |, f [, p £ Zn]-oo,-2], 

Xe = X (j) (r) ¥ z A dI and Xe,j = (zj)*Xe- Then E jX e,j = 
on U X a ^ and on {\zj\ ^ |}. Hence if the Laurent series of is 
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(Vj,Xe) = (Uj,Xe,j} = (u,E jX e,j) = U X 



,3e/4 ,2tt 

/ c ^ nX {-) e iw{n ~ p)x r n+1 drd X 
/ X (-) r p+1 rfr = I p c hP e? +2 



where I p = 2tx x ( s ) s p+1 ds. On the other hand, the fact that Vj is a 
distribution on D implies that there exists (Cj, rij) G K+ x N such that 
for any 61 G C c ~ (fD), |<u„£>| < Cj sup P^IL- As UxJ < g?, 

the above last equality implies that Cj jP = if p < —dj = —rij — 2. 
Thus, if 5 denotes the Dirac measure, = E c,- _ n ^" ra L^ with 

~ (-i) n_1 • a i x 

C J,-« = 71 (^W C 3,-n S1I1Ce 9ii = ™0- 

Assume now that x is an y smooth function compactly supported 
in fl = 1}. It follows from the definition that the (1, l)-form iddx 

k 

can be written as the sum of the smooth forms Ej(iddxj) where Xj = 
X \x a>j ■ Hence, setting dj = Xj o Zj' 1 , we get 

= (iddu,x) = (u,iddx) = ^ ( u ' E A id ^Xj)) 

l<j<i/(a) 

= ( u j^ddxj)= (Mdvj'Oj) 

=x(o) E %w+ E E (°) 

l<j'^l/(a) l<j<i/(a) 2<n^dj 

As ( -g-sf (0) ] can be any sequence of complex numbers, the above 
equality implies that Cj- n = when n ^ 2 and c^-i = 0. As the 

converse statement of the proposition is clear, the proof is achieved. □ 



2.3. Green functions and Dirichlet problems. As our proofs use 
principal Green functions for smooth curves and because inverse prob- 
lems require constructive methods, we take the opportunity in this pa- 
per to recall how these functions can be build with constructive tools. 
Green conjectured in 1828 the existence of such function for domains in 
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IR 3 . We recall that a Green function for an open bordered Riemann sur- 
face Z is a symmetric function g defined on Z x Z without its diagonal 
such that for any z G Z , g z = g (., z) is harmonic on Z\ {z}, smooth on 
Z\ {z} and has singularity lndist (., z) at z, the distance being com- 
puted in any hermitian metric on Z. It is called principal if g z \bz = 
for any z G Z. The existence of Green functions for smoothly bor- 
dered Riemann surfaces results from classical works of Fredholm and 
Hilbert. In [TJ], an explicit construction has been derived from Cauchy 
type formulas even for singular Riemann surfaces. The theorem below 
recall how to get a principal Green function from a mundane one. 

Theorem. Let Z be an open bordered Riemann surface and g a Green 
function for Z . We assume Z to be contained in some complex curve 
Z, e.g. its double. Consider the operator T : C°° (7) — > C°° (^Z\^ 

defined by Tv : z 1— > 2i f vdg z . If v G C°° (7), we denote by T + v 
the restriction of Tv to Z+ = Z and by T~v the restriction of Tv to 
Z~ = Z\Z. Then, the following holds 

1. For any v G C°° (7), T ± v is harmonic on Z+ and extends con- 
tinuously to 7. 

2. (Sohotsky-1873 when Z C C) For any v G C°° (7), v = (T+v) | 7 - 

3. (Fredholm- 1899 when Z C C) For any u G C°° (7), the unique 
harmonic extension Eu of u to Z is the solution v of the integral 
equation u = v + (T~v) 



4. The principal Green function for Z is the function G defined by 
G {z, 0=9 (z, - (Eg z | 7 ) (C) for all (z, () G Z 2 with z ^ C- 

In the sequel, an admissible family for an open bordered nodal curve 
X is a family ( c aj) ag si ng x x<j<v(a) °^ com pl ex numbers such that for 
each node a of X, c aj ; = 0. The following proposition generalizes 

the initial statement of Riemann and Klein given in the introduction. 
It is a consequence of the above classical result and proposition [5j 

Proposition 6 (Solution of the nodal Dirichlet problem). Let X be 

an open bordered or compact nodal curve, c = (c a ,j) a6Sing x i<j<„( a ) an 
admissible family and for each sufficiently small branch X a j at a node 
a in X , let us fix some holomorphic coordinate Zj for X a j centered 
at a. If X is non compact, we also fix u G C°(bX). Then there 
exists a unique (up to an additive constant if X is compact) harmonic 
distribution u c on X such that u c \ bx — u (if ' X is non compact) and 
x* . — 2c a jln I Zj I extends as a usual harmonic function near a in 
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X a j. Equivalently, u c is the harmonic distribution U extending u to 
X such that dU is a meromorphic (l,0)-form whose singularities are 
simple poles at nodes of X with residue c a j along X a j when a G SingX. 

Proof. Assume X is non compact. Let then g be a Green function for a 
normalization X — ^ X of X such that "g^ d = g (C, •) = on bX for any 
(6X As X is a smooth manifold with boundary near bX, bX bX 
is a diffeomorphism and v = tt*u is a well defined continuous function 
on bX. Let V the distribution defined on X by 

V = V+ Yl Ca ^a 3 

where v is the harmonic extension of v to X and where for each a G 
SingX, {ax, a u ( a ) } = 7r _1 (a) and X a j = 7r(Wj), Wj being some 
neighborhood of a, in X. Then w c = 71"*^ is a distribution on X which 
is a usual harmonic function on Reg X that extends u. The same kind of 
computing as in proposition [5] shows that u c is a harmonic distribution 
on X. Since X has smooth boundary, u c has the same regularity as u 
in a neighborhood of bX in X. 

To prove uniqueness, we have to show that if U is a harmonic distri- 
bution X which vanish on bX and has usual harmonic extension to any 
branch of X, then U — 0. Let us consider such an U. Then V = n*U is 
a well defined function ; if aj G 7r _1 (a) is in the closure of 7r _1 (X* •) , 

then 1/ (a,-) is the value at a of the harmonic extension of U x* • V is 

a , j 

of course harmonic on X, continuous up to the boundary and vanish 
on it. So V = 0. Hence U = 0. 

When X is compact the classical construction techniques of bipolar 
Green functions can be adapted to get on a normalization of X mul- 
tipolar Green functions which, thanks to the properties of admissible 
families, can be seen as harmonic distributions on X. □ 

The proposition [H] shows in particular that any continuous function 
on the boundary of X has many (weakly) harmonic distribution exten- 
sions to X when no datum is specified at nodes. This non uniqueness 
phenomenon also occurs for principal Green functions on nodal sur- 
faces. 

3. Inverse problems for compact and nodal curves 

The inverse Dirichlet to Neumann problem (IDN problem for short) 
for a given (smooth) Riemann surface X with smooth boundary 7 is to 
reconstruct it from the data of 7, T 7 X and its Dirichlet to Neumann 
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operator which is the operator associating to a smooth function on 7 
the restriction on 7 of the normal derivative of its harmonic extension 
to X. This subject has been started by Belishev and Kurylev [3] in 
a non stationary setting. For the stationary case, uniqueness results 
based on the full knowledge of the DN-operator are obtained in [16] 
and [2]. The constructive reconstruction method given in [15] is here 
extended to Riemann surfaces, compact or nodal. 



3.1. DN-data ; hypothesis A and B. Let X be an open bor- 
dered nodal curve. Since X has smooth boundary, we can select 
two vector fields along bX, r and z/, such that r is a smooth gener- 
ating section of the tangent bundle T(bX) of bX and for each x in 
bX, (y x , r x ) is a positively oriented orthonormal basis of T X X. Then, 
the Dirichlet-Neumann operator for X and some admissible family 
c = ( c «,i)a 6 SingX i^j<u(a) is tne tne operator N x , c defined for any u G 
C 1 (bX) by 

du c 

Nx, c u 



dv bX 

where u c is the extension of u to X as a harmonic distribution such 
that du c has residue c a j at a when a G Sing X and 1 ^ j ^ v (a) . 

Since an admissible family don't reflect the complex structure of X 
but only tracks nodes' existence, a natural inverse Dirichlet to Neu- 
mann problem is to look for a process rebuilding X from the data of 
bX and the action of some Nx, c on some u G C 1 {bX), where c belongs 
to an unknown set of admissible families. 

Whether or not admissible families can be recovered from boundary 
data is a very natural question if one considers the physical origin of 
the problem as explained in the introduction ; they corresponds to the 
charges set up on the nodes. 



With these inverse reconstruction problems arise the question of 
uniqueness of an open bordered nodal curve having a given bound- 
ary data. So let 7 be a smooth compact oriented real curve without 
component reduced to a point. Let r be a smooth generating section 
of T7 and v an another vector field along 7 such that the bundle T 
generated by (u x , T x ) x&y , has rank 2 ; 7 is assumed to be oriented by r 
and T by (u, r). Consider an operator N from C 1 (7) to the space of 
currents on 7 of degree and order 1 (i.e. functionals on C 1 1-forms 
on 7). As in [T5], we use a setting which emphasizes the involved com- 
plex analysis. With N come two other operators L and 9 defined for 
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U G C 



(7) by 



(3.1) 



Lu 




where T is the tangential derivation by r and (V*, r*) is the dual basis 
of (u x , t x ) for every x G 7. 

Note that if actually 7 is the smooth boundary of bordered nodal 
curve X such that (y x , r x ) is a positively oriented orthonormal basis of 
T X X, the equality Nu = N x , c u is equivalent to the identity (du c ) \ JS = 



In the smooth case, we know from [T3] that the knowledge of 7 and 
the action of N on only three generic (in the sense detailed hereafter) 
continuous functions is sufficient to reconstruct such a Riemann surface 
when it exists. Since an admissible family do not encode the complex 
structure of X, it is natural to let the given boundary data corresponds 
to different admissible families and hence to different operators N. So, 
we are lead to consider the following : 

A. We consider three operators N , Ni, and N 2 from C 1 (7) to the space 
of currents on 7 of degree and order 1, their corresponding operators 
$ e = (v* + iT*)L e where L e = \{N t -iT) and u ,ui,u 2 G C°° (7) 
three real valued functions only ruled by the hypothesis that 



(3.2) / = (fx, h) = ( (L m ) I (A>«o) ) e=h2 = ( (6tu e ) /(8 u ) ) l= 



is an embedding of 7 in C 2 considered as the complement of {wq = 0} 
in the complex projective plane CP2 with homogeneous coordinates 
(wq : Wi : W2). This is somehow generic since the proposition [7] below 
shows in particular that if it happens that 7 is the smooth boundary of 
a complex curve and N are Dirichlet to Neumann operators, then the 
set of {ui) ^ e ^ 2 £ C°° il) 3 such that the above map / is an embedding 
is a dense open set of C°° (7) 3 . 

Before defining what are restricted DN-data, we have to precise how 
a 3-uple co = (uo,co\,U2) of smooth (l,0)-forms which never vanish 
simultaneously induces a map from X to CP2 ; such 3-uples exist since 
a normalization of X do have ones. We define a map from X to CP2, 
denoted [00] or (ooq : co\ : CO2), by defining it with the formulas [00] = 



{^0 ^ 0}, M = (g : 1 : g) on {co, ^ 0} and [co] = 



: : ^) 011 { U2 ^ ®} ' ^ ere e8bCa Quotient written is a well defined 
(along any branch) meromorphic function since dimX = 1. In |15j . we 



9u. 
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have identified with a slight abuse of language [to] with [uj] |{oj ^o} which 
have the affine coordinates ( jjS ^ ) in the affine hyperplane {wq ^ 0}. 



Assume now that u = (ui) 0<t<2 £ C°° (7) 3 and set Bu = (&eui) 0<i ^ 2 . 
We call (7, u, 9u) a restricted DN-datum for an open bordered nodal 
curve X if (7, u, 9u) satisfies (A) and the following : 

Bl. X has smooth boundary 7. 

B2. For each I £ {0, 1, 2}, dfUn = (dug Ce ) | 7 for some admissible family 
Q. 

B3. The dui 1 have no common zero and the map 

F = (du C0 : du^ 1 : du 2 C2 ) 

extends to X the map (1 : fx : f?) defined by (13. 2p in the sense that for 

every x £ 7, ^ hni ^ (j}ff> (x) , (x)j exists and equals (fx (x ) , / 2 (x )) 

this last property holds automatically if 7 and / are real analytic. 
B4. There is a finite subset A in X such that F is an embedding from 
Z\A into CP 2 . 

If one wish to emphasize the admissible families q, we say that 
(7,m,^m) and the q are associated. When each node a n , 1 ^ n ^ N, 
of X is obtained by identification in a Riemann surface Z of the points 
in a family {a> n ,j)x<-<v an( ^ w hen the family of charges or residues 
corresponding to a n and ug is ( c i,n,j)x<j< Un (0 ^ ^ ^ 2) we also say that 
(7, u, 6u) is a restricted DN-datum for Z and the a n j charged by Q inj -, 
or c n j if no Q jnj - depends on I. 

The condition (B4) may seem restrictive but is open and dense in 
the following sense : 

Proposition 7. Assume 7 is the boundary of an open bordered nodal 
Riemann surface X , c = {ce) 0<i<2 is a 3-uple of admissible families and 
u = {ue) 0<i<2 satisfies hypothesis A. Then the set Ex. c of u in C°° (7) 3 
such that (7, u, 6u) is a restricted DN-datum for X and c is a dense 
open set of C°° (7) . 

As stated in the introduction, this result as well as proposition [2] 
will be proved in a separate paper because they involve methods and 
results of complex analysis which deserve attention of their own. 

When X is smooth, there is no node and the only 3-uple of admis- 
sible families is the empty one. Dropping in the above definition any 
reference to admissible families gives a restricted DN-datum notion in 
the smooth case. Meanwhile, because of (B4), restricted DN-data thus 
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defined here are more specific than those considered in [15] . Actually, 
in the exceptional case (j,u,8u) satisfies only (Bl) to (B3), it is pos- 
sible that the direct image by F of the integration current on A is not 
always, contrary to [151 lemma 7] proof's claim, an integration current 
over a subvariety of CP2\/ (7). The reason is that in the general case, 
F* [A] could even not be a locally flat current as defined in [6]. How- 
ever, all statements of [15] are true with the above reinforced definition 
of restricted DN-datum. 

It follows from the definitions that if X is an open bordered nodal 
curve obtained after identification of some points in an open bordered 
Riemann surface Z and it : Z — > X is the natural projection, the 
direct image by it of any harmonic function on Z continuous up to Z is 
a harmonic distribution on X solving a Dirichlet problem with a zero 
admissible family. Hence, the data of its differential along bX fail to 
encode any information about the nodal curve but its normalization. 
This motivates the following definition. We say that a finite family 
(u> s ) sgS of complex numbers is generic for a partition {Si, .., Etv} of E 
if the following holds : 

• ^^w s = for any j. 

• For any family of sets (Tj) 1< j <N such that Tj C Ej for all j and 
An admissible family c = (c a j), (E = U E a , E a = {a} x 

>J'(a,])^ aeSingX 

{1, v (a)}) of an open bordered nodal curve X is said to be generic 
for X if it is generic for {E a ; a G Sing AT}, that is, when the only way 
to achieve ^Z Caj = ^ w ^h J a C {1, v (a)} for all a e Sing A 

aGSing XjeJ a 

is either to have J a = {1, v (a)} or J a = for all a. 

3.2. Proofs of results for the compact case. 

3.2.1. Proof of theorem^ We assume with no loss of generality that S 
is smoothly bordered and 7 = bS is then equipped with the orientation 
induced by Z\S. Set u = (^g| 7 ) ^ <2 and 6u = (dzU^\^) 0<i<2 
(resp. u' = (Uzf e | 7 ) ^ 2 and 0V = (7)0^2) where ^ z and 

9^' are the Cauchy- Riemann operators of Z and Z' . By hypothesis, the 
complex structures on S induced by Z and Z' are the same, namely the 
complex structure induced by the standard metric of 1R 3 on S. Hence, 
{j,u,9u) = (7,n',0V) follows from (^U) ^ <2 = ( U z^\s) ^ 2 - 
As (a, c) is assumed to be in fl E z >, it appears that (7,m,6 i m) is a 
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restricted datum for both Z\S and Z'\S. Theorem 1 of [T5j with the 
above definition of DN-datum or theorem [8] below applies and gives 
us the existence of an isomorphism </?i : Z\S — > Z'\S which is the 
identity on bS. Thanks to the Morera theorem, the gluing of <p\ with 
Ids gives the desired isomorphism </? : Z — > Z'. 

The reconstruction part follows directly from [T5J th. 2 ] applied to 
Z\S. The reconstruction formulas are the same that those of theorem[9] 
which is an adaptation to the nodal case of [151 th. 2 ]. 

Remark. If Z and Z' are actually compact nodal curves and if the 
potentials are associated to generic admissible families, the same proof 
readily applies thanks to theorems M and 

3.2.2. Proof of theorem^ Under the hypothesis of theorem^ the proof 
of theorem [T] readily apply. 

3.3. Uniqueness and reconstruction results for nodal curves. 

The theorem [8] below shows what kind of uniqueness can be expected 
in the inverse Dirichlet to Neumann problem. 

Theorem 8 (Uniqueness for IDN problems). Assume that X and X' 
are bordered nodal curves with a restricted DN-datum (7, u, 9u) asso- 
ciated to admissible families c , c\, c 2 for X and to admissible families 
Cq, cf 1 , c' 2 for X' . Then, the following holds. 

1. X and X 1 are obtained by the identification of some finite sets of 
points in a same open bordered Riemann surface. 

2. If at least one of the admissible families associated to (7, u, 9u) 
has no zero coefficient, XU7 and X'U'y are roughly isomorphic through 
a map which is the identity on 7. 

3. If at least one of the q and one of the c' e is generic for X and 
X' respectively, then there is an isomorphism of bordered nodal curves 
between X U 7 and X' U 7 whose restriction on 7 is the identity. 

Remarks. 1. If E C 7 and h 1 {E D c) > for each connected compo- 
nent c of 7, meromorphic functions are uniquely determined by their 
values on E and it follows that the theorem [8] conclusions hold when 
Nx>,c> u e — Nx t c u e is ensured only on E and the meromorphic functions 
(du£ Ce ) I (duQ°) and (dui° e ) / (du °) are continuous near 7. 

2. Assertion (2) shows that when two bordered nodal curves X and 
X' share a same restricted DN-datum (7, u, 9u), there is only a finite 
indeterminacy between X and X'. 

3. If one of the q is generic for X, then there is a holomorphic 
surjective map from X onto X', that is a continuous map holomorphic 
along any branch of X which sends a node of X to a node of X'. 
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Hence, X' may be considered as a quotient of X and, equivalently, X 
as a partial normalization of X' . 

Proof. Let Z — > X be a normalization of X and g = f on where / is 
defined by ( 13. 2p . Then 7 = 7r _1 (7) is a smooth oriented real curve and 
bounds smoothly Z. Thanks to hypothesis A, S — f (7) = g (7) is a 
smooth compact oriented real curve of CP2 without component reduced 
to a point. It follows from (B2) that G = F o it is a meromorphic 
extension of g to Z. To prove (1), we now follow the proof of [151 
th. 1] for which the key point is that the embedding g into CP2 of the 
real curve 7 extends meromorphically as G to the complex curve Z. 
The gap arising in conditions of [151 lemma 7] is avoided thanks to the 
reinforced but still generic definition of restricted DN-datum. 

Since (7, u, 9u) satisfies (B4) and X is nodal, there is in Z a finite 
set A such that G is an isomorphism from Z\A to G (X) \G (A). Thus 

Y = G (X) \S has to be a complex curve of CP2\<5 satisfying d [Y] = [5]. 
It contains no compact complex curve because X has none and it has 
finite mass because of a theorem of Wirtinger (see [13] )• Note that A 
may meet G^ 1 (5) but that each point of Z has in Z a neighborhood 

V such that F : V — > F (V) is diffeomorphism between manifolds with 
smooth boundary. Hence, the conclusions of [TBI lemma 7] are valid. 

Set Z = Z\G- X (5),B = SingF and A = G" 1 (B) ; note that S = 
7T" 1 (SingX) C A. The proof of lemma 9 of [15] gives that G : Z Q \A — > 
Y\B = KegY is an isomorphism of complex manifolds, G : Z — > Y 
is proper and that G : Z\A — > Y\B = KegY is an isomorphism of 
manifolds with smooth boundaries. The same construction apply for 
X'. Denoting by a prime every preceding notation above to get objects 
related to X', we can apply the end of the proof of [T51 th. 1] and get 
that Z and Z' are isomorphic through a map $ : X — > X' which is 
the identity on 7. Thus, the first point of the theorem is proved. 

The (1, 0)-forms U\ = n*dui Cl and U[ = $*7r'*<9ui Cl are meromorphic 
on Z and they are equal on 7 = bZ. Hence, they are equal on Z. In 
particular, they have same poles and same residues. If c\ or c[ has no 
zero coefficient, this yield (5') = S. Thus, the second point of the 
theorem is proved. 

SetS= U {a}x{l,...,z/(a)}andS' = U {a'}x{l, v (a')}. 

aGSingX a'GSingX 

For each a in SingX (resp. each a' in SingX'), we fix a numeration 
( X a,j) w ^ a ) ( res P- ( X a',j') 1<j%v{al) ) of the branches of X (resp. X') 
at a (resp. a'). Let (a,j) be in E and W a j = 7r _1 {X a J). Then the 
restriction ttj = ir is bijective so we can define Sj = ixj 1 (a) G 
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S, 4 = b(a,j) = ir'(s') = n' (a))) and a(a,j) = 

{b (a,j) , k (a,j)) where k (a,j) is the integer such that ir' (<& (W a ,j)) and 
^b(aj) k(aj) have the same germ at b (a,j). The map a : E — > E' is bi- 
jective by construction ; we set a" 1 = (6', fc'). The map p = it' oc&ovr" 1 
(7r r 7r ^-l^ggx) ) extends as a multivaluate map, still denoted by ip, 

continuous along each branch of X if tp x* aj is prolonged at a by the 
value b(a,j). Likewise, we denote by ip the multivaluate extension of 

such that for any (a',j r ) G E', 



7T O O 7rl _1 f7r' = 7r' 



RegJY' 
Tr'-^RegX') 



x , ., is continuous and, hence, take the value b' (a',f) at (a',j r ). To 



get that X and X' are actually isomorphic, we check that if a is a given 

def 

node of X, b (a, 1) = ■ • ■ = b (a, v (a)) = a! and v (a') = z/ (a). 

Assume now that c\ is generic for X. Let a' be a node of X'. The 
family (•^a / j / )i<j'<i,'(a') °^ ^ s branches can be part in disjoint families 
(X^-,) ., , 1 ^ m ^ //, such that , for each m and each f E J™, 
{a m } U p^ l {X'*, ■,) is some branch X amt g m ^ of X at some node a m of 
X. Since ?Ti Cl is a harmonic distribution solving a Dirichlet problem 
associated to the admissible family (c[), we know that 



0= C 'ha',j= 2^ C l,*- 1 (a',j')= 2^ 2^ Cl ^M'> 

As (ci) is generic for X, this imply that l m is a bijection from J™ onto 
{1, v (a m )}. Hence, if a is one of the a m , any branch X a j of X at a 
is send by (p to a branch of X' at a'. As any node of X is send by ip to 
a node of X', this proves that p is actually continuous. If one of the 
(dt) is also generic for X', the same apply for ip. □ 



Now that reasonable uniqueness is achieved for the nodal IDN-problem, 
comes the question of reconstructing solutions from the data bound- 
ary. The second point of the result below shows how to first recover 
F (X) and du£ from 6it£ and the intersection of F (X) with the lines 
= {z 2 := ^ = £}, £ G C. Once this is done, the third point gives 
a process to recover a normalization of F(X). The fourth statement 
enable to reconstruct X itself if the admissible family is generic. 

Theorem 9. Assume that X is an open bordered nodal curve with 
restricted DN-datum (7, u, 9u) associated to admissible families without 
zero coefficient. Consider any normalization X — > X of X . Then, 
the following holds 
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1) The map ir*f where f is defined by 113.0) has a meromorphic 
extension F to X and there are discrete sets T and S in X and Y = 
F (X) \f (7) respectively such that F : X\T — > Y\S is one to one. 

2) Almost all (, G C has a neighborhood We t such that for all £ in 
W^, Ye = Y n A^ = {(hj (£) , £)} where h±,...,h p are p mutu- 
ally distinct holomorphic functions on We t whose symmetric functions 
Sh t m — S h™ 1 can be recovered by the Cauchy type integral formulas 

1 r -cm 

{E m> d 77- / = S h , m (0 + P m (£) , m G N, 

where P m is a polynomial of degree at most m. More precisely, the 
system Ec = (E m e u )o^ m ^M-i enables explicit computation of hj (£„) 

and P m if N ^ M ^ 2p + 1 and £0, £v are mutually distinct points. 

3) Consider Ue = 7r*u~e Cl , «C i ^ 2. Then dUg are meromorphic 
(1,0) -forms and for almost all £* G C, can be chosen so that 
SC\ U Ye = anddUf can be reconstructed in F~ l ( U Ye) from the 

well defined meromorphic quotient (dUe)/(dF2) thanks to the Cauchy 
type formulas 

^ / £^e«> - X> KT g (* - (0 • «) +«- (0 

where m is any integer and Q is a polynomial of degree at most m. 

4 ) Let y be a singular point of Y and C a representative of an irre- 
ducible component of the germ of Y at y whose boundary is a smooth 
real curve of KegY . Then C is the image by F of a branch of X if 
and only if § dc dF*u~i Ct 7^ 0. If so, ^ J dc dF*ui Ce = c a j where a is a 
node of X and j is the index such that X a j = F" 1 (C) is one of the 
branches of X at a. Equivalently, C is the image by F of a branch of 
X if and only if f c (dF^uf 1 ) A (dF^u^) = +00. 

Remarks. 1. Let P2 be the second natural projection of C 2 onto C 
and let 72 denote the real curve P2 (f (7)). Then the points £* in the 
first statement can be any element of C\72 outside a discrete set A. 
More precisely, let T be a connected component of C\72 and let H be 
a holomorphic function onCxT such that Y D p^ 1 (T) = {H = 0} fl 
P2 1 (r) and H Z2 = H(.,z 2 ) is a unitary polynomial for every z 2 G T. 
Then, £* can be any element of the discrete set where the discriminant 
discr H Z2 of H Z2 don't vanish. If £* is so, Wc f can be chosen to be 
{discri/ Z2 7^ 0}. Note the equations (E m ^) enable to recover H. 
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2. The first three points of the theorem above are equivalent to [TBI 
th. 2]. (4) is a device for detecting whose singularities of Y are lying 
in n~ l (SingX) and whose have appeared because F is not necessarily 
an embedding. Note that the characterizations given for C has an 
invariant meaning. Indeed, if C = F (B) where B is a branch of X at 
a, then J c (dF,u e Ce ) A(dF,Ui Ce ) = J B (dup) A(<9w/ f ) and j QC dF^ Ce = 
J dB du e Ce . 

3. If an admissible family has a zero coefficient, the above method 
recovers branches corresponding to non zero coefficients but can't de- 
tect the others. In particular, the method don't recognize nodes corre- 
sponding to zero admissible family. 

4. The fourth statement of the theorem enables to reconstruct in 
Z = X, the set S = n^ 1 (SingX), the map /i : S — >■ N such that 
^7r(s),^0) = 7T (W s ) for some neighborhood W s of s in Z and Q )7r ( s \ = 
■^r f dF , w n dF*ui l d = k^ s . If one of the admissible families is known to 
be generic, then there is only one way to split S in non empty subsets 
S±, .., Sfc such that X is the quotient of Z when for each j, points in Sj 
are identified. This partition of S is also determined by the fact that 
if Ti,..,Tg is another partition of S such that Ki tS = for any m, 

seT m 

then each T m is the union of some the S±, Sk- If no admissible family 
is known to be generic, X is roughly isomorphic to the nodal curve 
Xs determined by Z and Si,..,Sk and is obtained by supplementary 
identification in the set of nodes of Xs- 



Proof. Denote by F the meromorphic extension of / to X and put 
Y = F (X) \5 where 6 — f (7). Let X — > X be a normalization of X. 

Then X Y is a normalization of Y and 7 = 7? 1 (7) is a real curve 

diffeomorphic to 7. The functions = ir*ue are well defined functions 
on 7 and they extends as harmonic functions Ug on X\7r _1 (SingX) 
and as distributions on X with logarithmic singularities at points of 
7T _1 (SingX). However, the forms dui extends to X as meromorphic 
(l,0)-forms with simple poles. Hence, / = ir*f extends to X as a 
meromorphic function which is of course F. This is sufficient to apply 
theorem 2 of [TBJ whose statements are readily report here by points 
(1) through (3). Notes that among the points of F _1 (SingF) are those 
of tt^ 1 (SingX) and the others which have appear only because F is 
not necessarily an embedding. 

Since admissible families are assumed to be without zero coefficient, 
the harmonic distributions u^ 1 have logarithmic singularities along 
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each branch of at each node of X while they are usual harmonic func- 
tion at regular points of X. This implies that the Ui = it^uf 1 have 
singularities at each point above a node of X and is bounded near 
points of F" 1 (Sing Y) \7r _1 (Sing X). Since (3) explains how to re- 
cover the dUi/dF 2 and hence the 0£ = dUt, can be rebuilt from data 
boundary by explicit formulas, the same applies for 7r _1 (Sing AT). 

Let now y G Y be a singularity of Y and C an irreducible component 
of Y at y whose boundary is a smooth real curve of Reg Y. Assume that 
C is the image by F of a branch X a j of X where a is some node of X. 
Then C is smooth and since when Zj is a holomorphic coordinate for 

X a j centered at a, u[ l x* , ~ 2c OJ Tn \ zj\ extends as a usual harmonic 

function on X a j, dF^uf \x a] is a meromorphic (1, 0)-form whose only 
singularity is at y where it has a simple pole with residue c a j. If C 
contains no points of F (Sing X), then u£ l is a usual harmonic function 
on F~ x (C) and f gc dF*ui° e has to be zero. The equivalent characteri- 
zation by the finiteness of the Dirichlet is straightforward. □ 

3.3.1. Proof of theorem^ The first part of the theorem is a particular 
case of theorem [8] applied to the nodal curves X and X' obtained by 
identifying in X (resp. X 1 ) the points a+ and aj (resp. a'^ and a'f), 
1 ^ j ^ v. The reconstruction part is a particular case of theorem [9] 
applied to X and X'. 



4. Characterization of DN-data 

We give here some criterion to characterize what is a DN-datum. 
The theorem we propose here is a development for the nodal type case 
of theorem 3 of [15]. Characterization theorems 3b and 4 of [TJ] and the 
characterization results of [2T] also can be adapted to the nodal type 
case but we avoid in this paper the heavy formulation they require. 

For the sake of simplicity, open surfaces were assumed in the preced- 
ing sections to have smooth boundaries even if they may be singular in 
their interior. For a characterization device, we have to consider as in 
[j~5] almost smooth boundaries. An open bordered nodal curve X has 
almost smooth boundary 7 if® h 2 (X U < 00, 7 is a smooth oriented 
real curve without component reduce to a point and if for some open 
neighborhood W of 7 in X U 7, is an open Riemann surface such 
that the set W s i n g of points of 7 where W has not smooth boundary 
satisfies h 1 (W S in g ) = 0. 



h is the d-dimensionnial Hausdorff measure. 
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If X is an open bordered nodal curve with almost smooth boundary 
7, an adaptation of the preceding results to get as for classical results 
(see e.g. PQ) that for any admissible family c, a real valued function u of 
class C l on 7 has a unique extension u c to X as a harmonic distribution 
such that J w i du c f\du c < +00 for some open neighborhood W of 7 in X 

and such that for each branch X a j at a node a of X, Res a (ydu\ x J = 
c aj -. Moreover, Nx, c u still make sense as the element of the dual space 
of C 1 (7) which equals du c jdv on 7\Af s i ng (see jT5], prop. 12]). 



The first condition for (7, u, 9u) to be a DN-datum is for 7 to border a 
complex curve whose tangent bundle along 7 is the real two dimensional 
bundle given with the datum and to which / extends meromorphically. 
Part (a) and (b) of the theorem beneath gives a necessary and sufficient 
condition for this to occur. This fact does not really depend of whether 
or not u and 9u are restrictions of first derivatives of a harmonic dis- 
tribution. Part (c) gives a necessary and sufficient condition for ug and 
8ii£ to be boundary values coming from a harmonic distribution with 
logarithmic singularities. The real curve 7 is assumed in part (b) and 
(c) to be connected for the sake of simplicity. 



Theorem 10. Assume that hypothesis A is valid and consider 

<i(& + £i/i + A) 



(4.1) G-.C^^^J- [ fl d JMM 

27TZ J„ 40+O/1 



+ /2 



(a) If an open bordered nodal curve X has restricted DN-datum 
(7, u, 6u), then almost all point £* of C 2 has a neighborhood where one 
can find a find a family, possibly empty, (hi, h p ) of mutually distinct 
holomorphic functions such that 

(4-2) = |^(G-$>) 

and which satisfy the Riemann- Burgers equation 

(4.3) ftj ^ = ^, 1<J<P . 

(b) Conversely, assume 7 is connected and the conclusion of (a) is 
satisfied in a connected neighborhood of one point (£o*,4i*)- 
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Then, if (d 2 G/d^)] w ^ ^ 0, there is an open Riemann surface Z 
with almost smooth boundary® 7 where f extends meromorphically. 

If (d 2 G /d£o)|w e = 0? ^ e same conclusion holds for 7 or for —7 
which denotes the same curve but endowed with the opposite orienta- 
tion. More precisely, when {d 2 G / dt^f)]^^ = and the expected con- 
clusion holds for —7, / (—7) is the boundary (in the sense of currents) 
of a possibly singular complex curve Y of C 2 \/ (7) and the expected 
conclusion holds for 7 if and only if Y is algebraic. 

(c) Assume that (Z, 7) is a Riemann surface with almost smooth 
boundary, let T> be some smooth domain in the double of Z containing 
Z and let g be a Green function for V. 

Then, ( / ~f,u,8u) is actually a restricted DN- datum for the open bor- 
dered nodal curve X obtained by identifying in Z points within each 
family (oji,j)i< 3 -< w , 1 ^ n ^ N, if and only if there exists a family of 
non zero complex numbers (q n j) o^^2 such that > c £n,j — for 

any (£, n) G {0, 1, 2}x {1, ...,N} with the property that for any z e D\Z 
and any £ e {0, 1, 2}, 
(4.4) 

/ u e (C) % (C, z) + g (C, z) dui (C) = 2tt 



2 



Remarks. 1. (b) is actually the second part of [151 th. 3a] with some 
precision about the case (d 2 G/d^o)\ w ^ = 0. The algebraic criterion is 
effective since Y can be explicitly reconstructed from the Cauchy type 
formulas given in theorem |9] or [TBI th. 2] 

2. The a n j and the Q jrM - are unique when they exist because the right 
member of (14.41) extends to Z as a distribution T such that 2iddT = 



2n ce,n,jfia, n jdV where dV is some volume form for Z. 

Proof. Part (a) follows from [TBI th. 3a] since we can apply this the- 
orem to Z where Z — > X is a normalization because we only need 
to know that ir*f embeds 7r*7 into CP2 and extends meromorphically 
to Z. The case (d 2 G/d^)\ w ^ ^ of part (b) is the same as [TBJ, 

th. 3a, B]. Assume that {d 2 G/d^)^ w ^ = 0. As written in the proof 
of [TBJ, th. 3a, B], ±/ (7) is then the boundary of a complex curve in 
some two dimensional affme subspace of CP2 and therefor, the expected 



With |121 example 10.5], one can construct smooth restricted DN-datas for which 
the solution of the IDN-problem is a manifold with only almost smooth boundary. 
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conclusion holds for ±7. If both — / (7) and / (7) are the boundaries in 
CP2\/ (7) of a complex curve, namely Y~ and Y + , then Y~ U / (7) U 
Y + is an algebraic complex curve. 

Assume now that (14.41) is satisfied. Let fl e z denote the form uidg (.,z)+ 
g (.,z) 0U£ when z is in T>\j and define (resp. U~[) the restriction 
to V + = Z (resp. T>~ = V\Z) of the function V\y 3 z ^ f / tt £ z . 
Then we know from the Plemelj-Sohotsky formula of [151 lemma 15] 
that Uf is a harmonic function on T> ± which extends continuously to 
V ± , U£ = Uft — Ug and 9ue = dU^ — dU^ almost every where on 7. 
Hence, ug is the boundary value of the distribution Tg on Z defined by 
Te = [// + 27T c £,n,j9 ( a n,j, z) and, by construction, dTe = Out 

on 7. 

If X is the nodal curve obtained as in the theorem statement, then 
the relations c &,n,j — implies that Tg can be considered as a 

harmonic distribution on X. As a consequence, (7, u, 6u) is a restricted 
DN-datum for X. The reciprocal follows directly from the definitions. 

□ 
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